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We study s ta t ionary-plane  flow of a conducting gas ac ross  a magnetic field in a channel of constant 
section formed by electrodes of finite length and insulators.  The Hall effect is accounted for. We assume 
that the e lectromagnet ic  forces a re  small  and the l inear approximation is used. It is shown that dis turb-  
ances of the compress ib le  gas-f low velocity can lead to the formation of closed currents  in the channel 
and al ter  significantly the cur ren t  density distribution on the e lectrodes .  For  sufficiently large values of 
the gas velocity and conductivity, i.e., for magnetic Reynolds numbers  which are  not small,  the cur ren t  is 
concentrated near  the exit f rom the interelectrode space. 

The problem of pa rame te r  distribution in a MGD channel with account for the e lectromagnet ic ,  gas -  
dynamic, thermal ,  and so on processes  is very  complex. In many cases  the p r imary  forces  and energy 
sources  in the flow are  determined by the electromagnet ic  quantities. In this connection it is of interest  
to study the e lectromagnet ic  p rocesses  in the channel with maximal simplification of the gasdynamic and 
thermal  parts  of the problem. The question of the cur ren t  and potential distribution in a channel with 
finite electrodes when the conductivity, Hall pa rameter ,  and electrode drop are  constant, the velocity does 
not vary  along the axis of the channel, and the magnetic Reynolds number is sma l l ,has  been examined in 
[1, 2]. The distributions of the e lectromagnet ic  quantities are  determined by the cur ren t  outflow from the 
interelectrode space and the Hall effect. Subsequent studies were made of the effect of electrode drop [3], 
ion slip [4], and conducting gas flow through the electrodes [5]~ 

1. We examine s ta t ionary-plane  flow of a conducting gas in a channel [X]< ~, 0 -< Y -< h formed by 
insulators  and electrodes  of length 2ah (Fig. 1). We assume that the following conditions are  satisfied: 

1) Gas v iscos i ty  and the rmal  conduction a re  not significant; 

2) the external magnetic field is uniform and directed along the Z axis (Fig. 1), andthere  i f fnocurrent  
along this axis, therefore  the overal l  magnetic field is directed along Z and depends on X and Y; 

3) the plasma is quasineutral ,  the electrode drops a re  constant along the length of each electrode; 

4) in the Ohm's law equation the t e rms  proport ional  to the gradients  of the p re s su re  and electron 
tempera ture ,  and the t e rms  associa ted  with ion slip, a re  not significant [6]. 

Under these conditions the flow of a sufficiently dense singly ionized plasma may be descr ibed by the 
sys tem of equations 

Fig. l 

j }- H-~p jx  B = ~(-- Vq~ + v • B), R ~ j = V x B  

p (vV) v v (,~r) ~M~ ~ A~R~jx B, V,(pv) = 0 (1.1) 

pTvVln = A 2 B , , M ~ T ( 7 - - 1 ) -  T ,  ~ ( T , p ) ,  a = ~ ( T , p )  

All the quantities here  are  dimensionless .  The scales for the den- 
sity p, the two velocity components u and v (Fig. 1), magnetic field B, 
t empera tu re  T, conductivity % ionization ratio a ,  and the l inear dimen- 
sions a re  respect ively p . ,  u . ,  B , ,  T , ,  ~. ,  a . , a n d  the channel width h. 
The scales  for the cur ren t  density j and the electr ic  potential ~p a re  

Moscow. Trans la ted  f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, Vol. 11, No. 3, pp. 
20-26', May-June,  1970. Original ar t ic le  submitted November 20, 1969. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

379 



~ . u , B ,  and u , B , h , .  The s imi la r i ty  c r i t e r i a  in (1.1) are :  Mach number M, Alfven number  A, Hall pa rame-  
te r  H, magnetic Reynolds number  Rm, and specific heat ratio Y: 

M 2  == u j  A2  B,~ H - -  %miB*  R m = ~ , u , h ~  
T R T ,  ' ~p,u,~ ' ~,p.e ' �9 

Here R is the gas constant, t~ the magnetic permeabil i ty,  e and m i the ion charge and mass .  

Excluding j and ~ from (1.1), it can be writ ten for plane flow as 

B 2 9(vV)v- -  v(PT)  A W - -  A(pv) == 0 (1.2) TM 'z 2 ' 

pl]v V In T _ A~M ~ . p~-1 ~ T G ' - -  1) (vxB)~ , ~ ( T , p ) ~  a = a ( T , p )  

If the changes of all the quantities in the channel are  small  in compar ison with their  average  values,  
i.e., if in dimensionless form 

I p - l / ~ ,  I ~ - t 1~ ,  1,,1~, ! T - t I ~ ,  IB- '~ I~ ,  

where s << 1, then Eq. (1.2) can be l inearized,  Then in the f i rs t  equation, the induction equation, the non- 
l inear t e rm with the Hall effect [if the pa rame te r  H is not large (H << 1/e )] and the nonlinear t e rm asso-  
ciated with th& conductivity change are  smal l  in compar ison with the f i rs t  t e rm.  Similarly,  in the energy 
equation for M2A2Rm << 1 / e  the t e r m  describing Joule dissipation is negligible. 

After some t ransformat ions  the sys tem of l inearized equations takes the form [71 

M ~ Ov ]~ M z ( t - A  e ) - I  OB 

O~ t 8~v A 2 M  z OeB 

Ox ~ M ~ - -  t Oy ~ M z - -  10xOy :3 
8u 1 c)v A~M ~ OB (1 ) 
O'--~'=M 2 - t  8y - - M  S - I  

__ AZM ~ OB ap M ~ 8v j_ 
8x M 2 - 1  Oy ~ M 2 - i  Ox 

T - -  p'~-i 

At the walls which are  impermeable  to the gas,  v = 0. The boundary conditions for B are  obtained as 
follows. The second equation (1.1) permits  writing the following relat ions for the dimensionless overal l  
cur ren ts ,  r e fe r r ed  to unit channel height along z, which flow through the lower (I 0) and upper (I l) electrodes 
and along the channel (I k) 

B r a t  o = B ( - - a ,  O) - - B  (a, 0), B m [  1 = B ( - - a ,  t )  - - B  (a, t) 
R m I  ~ = B (x ,  t) - -B(x ,  0) 

On ideal insulators the normal  component of the cur ren t  is zero,  therefore  on them Rmjy = - 0 B / 0 x ,  
i.e., B = const. In the following we examine conditions for which the overal l  cur ren t  I k along the channel 
between the insulating walls is zero,  i.e., B (x, 1) = B (x, 0) for Ix [ -> a, therefore  I 0 = I 1 = I. As the scale 
B ,  for the magnetic field we use its value on the insulators to the left of the electrodes.  If the cur ren t  I in 
the external c i rcui t  is closed to the right of the electrodes,  the B ,  is the inductance of the external field, 
while if the cur ren t  is closed to the left of the electrodes B ,  is the sum of the inductance of the external  
field and the self-f ield of the cur ren t  I. Thus the boundary conditions for  B at the insulators have the form 

B (x ,  O) = B  (x ,  :~) = I for x ~  --a 

B(x, 0) = B(x, 1) = t - - R m I  for x > a  (1.4) 

The magnitude of the cur ren t  I can be found in t e rms  of the difference r of the potentials between the 
e lect rodes ,  where ~0 > 1 cor responds  to the acce l e ra to r  regime,  0 < (P0 < 1 corresponds  to the genera tor  
reg ime,  and q~0 < 0 cor responds  to the brake  regime.  

On ideally conducting electrodes the tangential component of the electr ic  field intensity equals zero 
and the boundary condition for the overal l  magnetic field in the l inear approximation is writ ten as 
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Fig .  2 
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2. F o r  f u r t h e r  s i m p l i f i c a t i o n  of the  p r o b l e m  we  a s s u m e  tha t  t he  ef fec t  of the  e l e c t r o m a g n e t i c  f o r c e s  
on the  flow is s m a l l ,  i . e . ,  in (1.3) 

A2MeOB / Ox ~ Ov / Oy 

It fo l lows  f r o m  the  s o l u t i o n s  o b t a i n e d  be low tha t  t h i s  cond i t i on  is  s a t i s f i e d  fo r  A2Rm << 1. In th i s  
c a s e  the  l a s t  four  equa t ions  in (1.3) d e s c r i b e  in t he  l i n e a r  a p p r o x i m a t i o n  c o m p r e s s i b l e  gas  flow in t he  ab -  
s e n c e  of  e l e c t r o m a g n e t i c  f o r c e s .  In the  induc t ion  equa t ion  the  f i r s t  t e r m  on the  r i gh t  accoun t s  fo r  the  in-  
f l uence  of  the  v a r y i n g  c o m p r e s s i b l e  g a s  f low v e l o c i t y  on the  d i s t r i b u t i o n  of t he  e l e c t r o m a g n e t i c  q u a n t i t i e s .  
In an i n c o m p r e s s i b l e  ga s ,  i . e . ,  for  M 2 << 1, th i s  t e r m  is n e g l i g i b l y  s m a l l .  

In s u p e r s o n i c  flow the  p a r t i c u l a r  s o l u t i o n s  of  t he  g a s d y n a m i c  equa t ions  of (1.3) have  the  f o r m  

_ r =  ( r = 0 , 1 , 2  . . . .  ) v = v0s in( rgg)s in  [k r ( x - -  x0)]~ kr V ~ _ _ t  

u = u (x0, g) - -  ) f ~  cos (rgg) {cos [kr (x --  x0)l - -  t } (2 

voM" COS (rng) cos [k r (x - -  Xo)] 0 = I 4- V M  ~ _  i 

H e r e  v 0 and x 0 a r e  c o n s t a n t s  of i n t e g r a t i o n .  

Th i s  s o l u t i o n  d e s c r i b e s  s u p e r s o n i c - a d i a b a t i c  flow of  an  i n v i s c i d  g a s  in a f l a t  channe l  of c o n s t a n t  s e c -  
t i on  wi th  s m a l l  t r a n s v e r s e  d i s p l a c e m e n t s ,  w h i c h  l e a d  to p e r i o d i c  v a r i a t i o n s  of  the  flow p a r a m e t e r s  a long x 
wi th  the  p e r i o d  

L = 2r - I ~ M ~ - t  

D i s t u r b a n c e s  of  t h i s  t y p e  can  a r i s e  if the  flow at  the  channe l  e n t r a n c e  is  n o n u n i f o r m  a c r o s s  the  s e c -  
t ion  unde r  the  ac t i on  of  t r a n s v e r s e  c o m p o n e n t s  of the  e l e c t r o m a g n e t i c  f o r c e s  a s s o c i a t e d  wi th  the  c u r r e n t s  
f lowing out  of  t he  i n t e r e l e c t r o d e  s p a c e  [8]. 

3. To s o l v e  t he  induc t ion  equa t ion  we u s e d  the  a p p r o x i m a t e  me thod  s u g g e s t e d  for  s i m i l a r  p r o b l e m s  
by  K a l i k h m a n ,  w h i c h  is a v e r s i o n  of t he  m e t h o d  of i n t e g r a l  r e l a t i o n s .  The  d e p e n d e n c e  of the  o v e r a l l  B on 
the  y c o o r d i n a t e  was  r e p r e s e n t e d  in t he  f o r m  of a f ou r th  d e g r e e  p o l y n o m i a l  wi th  c o e f f i c i e n t s  w h i c h  a r e  
func t ions  of x 

B = B  o + B 2 y  + B a y  ~ + B ~ y  3 + ( B 1  - - B o  - - B z - - B  a - -B4)  y4 (3.1) 

H e r e  B 0 and B 1 a r e  the  v a l u e s  of  the  induc t ion  at  t he  charmel  w a i l s  fo r  y = 0 and y = 1, r e s p e c t i v e l y .  
The  fo l lowing  f ive  r e l a t i o n s  w e r e  u s e d  to f ind t h e s e  f ive  c o e f f i c i e n t s :  t he  b o u n d a r y  cond i t ions  (1.4) o r  (1.5) 
a t  the  two w a i l s ,  the  equa t ion  i t s e l f  fo r  y = 0 and y = 1, and the  i n t e g r a l  r e l a t i o n  o b t a i n e d  by  i n t e g r a t i n g  the  
induc t ion  equa t ion  o v e r  y f r o m  0 to 1 wi th  the  u se  of (3.1). 

Thus ,  the  s o l u t i o n  of t he  p a r t i a l  d i f fe re r ,  t i a l  equa t ion  wi th  n o n h o m o g e n e o u s  b o u n d a r y  c ond i t i ons  r e -  
duces  to the  so lu t i on  of s y s t e m s  of o r d i n a r y  d i f f e r e n t i a l  equa t ions  fo r  t h r e e  r e g i o n s :  fo r  the  i n t e r e l e c t r o d e  
s p a c e  (ix] <- a )  and  the  two channe l  s e g m e n t s  wi th  i n su l a t i ng  w a i l s  (Ix[ >- a ). The  c o n s t a n t s  of  i n t e g r a t i o n  
a r e  d e t e r m i n e d  by  the  f i n i t e n e s s  of  t he  Ix[ -~ ~ mad the  cond i t i ons  fo r  j o in ing  of the  s o l u t i o n s  a t  the  b o u n d a -  
r i e s  of t he  r e g i o n s .  

H e r e  we  u s e  the  con t i nu i t y  a t  the  b o u n d a r y  of  t he  t a n g e n t i a l  c o m p o n e n t  of the  e l e c t r i c  f i e l d  i n t e n s i t y  
and the  n o r m a l  c o m p o n e n t  of the  c u r r e n t  d e n s i t y .  In the  a p p r o x i m a t e  s o l u t i o r  the  jo in ing  cond i t i ons  r e d u c e  
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4.  

r e n t  loops.  

to con t inu i ty  of the d i f f e rence  of the po ten t ia l s  on the channe l  wal l s  and the con-  
t inu i ty  of B at  the  wa l l s  and at  the c e n t e r l i n e  of the channel .  The va lue  of I was  

a found in t e r m s  of the  po ten t i a l  d i f f e r ence  ~0 wi th  the a id  of the r e l a t i o n  ob-  
Z r a ined  f rom the l i n e a r i z e d  Ohm's  law equat ion  

1 1 1 

b I-5~x dy 
o o o 

The p r o b l e m  was so lved  in [1, 2, 4] by d i f fe ren t  methods  for  A 2 << 1, 
R m << 1, v 0 = 0. The  so lu t ion  obta ined  us ing  the t echn ique  d e s c r i b e d  above 
a g r e e s  a p p r o x i m a t e l y  wi th  t he se  so lu t ions .  The  coef f ic ien t  c h a r a c t e r i z i n g  the 
o v e r a l l  c u r r e n t  i n c r e a s e  owing to c u r r e n t  outflow f r o m  the i n t e r e l e c t r o d e  space  

for  H << 1, R m << 1, v 0 = 0 equals  I / ( ~ 0 - 1 )  = 2a + 0.53 r a t h e r  than  I / ( ~ 0 - 1 )  = 
2a + 0.44 f r o m  the exact  so lu t ion  [1]. F i g u r e  2 shows the e l e c t r i c  c u r r e n t  l ines  
( i .e. ,  the  l ines  B = const)  in a channe l  with f in i te  e l ec t rodes  for  a = 1, A 2 << 1, 
R m << 1, v 0 = 0, H << 1 (Fig. 2a) and H = 1 (Fig. 2b). 

F i g u r e  2c shows the c u r r e n t  dens i ty  d i s t r i b u t i o n  on the  e l ec t rodes  for  
z H << 1 (curve 1) and for  H = 1 (curve  2). The  sol id  c u r v e s  w e r e  ob ta ined  f r o m  

the  a p p r o x i m a t e  so lu t ion  and the dashed  c u r v e s  f r o m  [4]. The  c u r r e n t  dens i ty  
i n c r e a s e s  toward  the end of the e l ec t rode ,  but  not  to inf in i ty  as in the exact  
so lu t ion ,  r a t h e r  to a f in i te  va lue .  

In a channe l  with nonconduc t ing  wa l l s  d i s t u r b a n c e s  of the type (2.1) lead to the  f o r m a t i o n  of c u r -  
The c o r r e s p o n d i n g  so lu t ion  of the induc t ion  equat ion  for  R m << 1 has the f o r m  

= l ~- Vr s in  [k. (x - -  x0)] {1 / 2 [g~ - -  2 S . y  3 + 2 ( S t  - -  i )  g4] _ B 

kr~ ( l / s - -  l/4Sr) + 5  (St-- i) } 
- -  K~Wn2 (Y-- 2y3@ y~), ' n 2 = iO.~-l/~Rm 2 

R mM2rgvo  
V r = . M ~ _ _ l  , S r ~ - - - 2 i 3  for r = J ,  s ~ = J  for r = 2  

The e l e c t r i c  c u r r e n t  l ines  (solid) and the gas  s t r e a m l i n e s  (dashed) for  M 2 = 5, R m << 1, v 0 = 0.1 a r e  
shown in Fig.  3a for  r = 1 and in Fig .  3b for  r = 2. 

If a conduct ing  gas s t r e a m  t r a v e l s  wi th  s u p e r s o n i c  ve loc i ty  in a channe l  wi th  e l ec t rodes  and if t h e r e  
a r e  in the channe l  d i s t u r b a n c e s  of the type (2.1), then  c u r r e n t  loops ana logous  to those  shown in F ig .  3 a r e  
s u p e r i m p o s e d  on the f ie ld  of the c u r r e n t s  f lowing be tween  the  e l e c t r o d e s  (Fig.  2). In the  e l e c t r ode  r e g i o n  
t h e s e  loops c lose  on the e l e c t r o d e s  and a l t e r  the  e u r r e n t - d e n s i t y d i s t r i b u t i o n  on the  e l e c t r ode s .  The so lu -  
t ion  ob ta ined  on the induc t ion  equat ion for  a r b i t r a r y  H, Rm,  v 0 is v e r y  complex .  

F i g u r e  4a shows the e l e c t r i c  c u r r e n t  l ines  in a channe l  wi th  e l e c t r o d e s  for  M 2 = 5, R m << 1, v0/(q~ 0 -  
1), r = 2, a = 1, x 0 = - 1 ,  H << 1. F i g u r e  4b shows the d i s t r i b u t i o n  of the c u r r e n t  dens i ty  j y  at the e l ec t rodes  
(curve  1) and at  the  channe l  c e n t e r l i n e  (curve  2). F o r  the s a m e  va lues  of the p a r a m e t e r s  b u t  wi th  H = 1 
the ana logous  d i s t r i b u t i o n s  a r e  shown in Fig .  5a, b (curve  1 is the d i s t r i b u t i o n  of j_ on the lower  e lec t rode ;  y 
the  d i s t r i b u t i o n  on the upper  e l e c t rode  is s y m m e t r i c  about  the x = 0 axis) .  We see  f r o m  the so lu t ion  tha t  for  

vo M 2 - -  i kr~ ~" l~ (l ~ = 60 -~- R m 2 1 4 )  
~o - -  I ~ M "z 2~k  r 

d i s t u r b a n c e s  in the gas  flow a l t e r  s i g n i f i c a n t l y  the c u r r e n t  d i s t r i b u t i o n  in the channe l  and on the e l ec t rodes .  
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Specif ical ly ,  on s o m e  s e g m e n t s  of  the e l ec t rodes  the c u r r e n t  dens i ty  may  be v e r y  smal l .  F o r  suff i -  
c ien t ly  l a r g e  va lues  of the p a r a m e t e r  v0/(ga0-1)  the so lu t ion  shows the poss ib i l i ty  of  the appea rance  on the 
e l e c t r o d e s  of  s e g m e n t s  with r e v e r s e d  d i r ec t ion  of  the c u r r e n t ,  i .e . ,  c u r r e n t  loops c los ing  th rough  the e l ec -  
t r o d e s  (Fig. 5a). C l o s u r e  of the c u r r e n t  l ines on the e l ec t rode  was  d i s c o v e r e d  in a n u m e r i c a l  solut ion of  
the  p r o b l e m  of t w o - d i m e n s i o n a l  MGD flow in a coaxia l  s y s t e m  [9]. 

Flow nonun i fo rmi ty  a l t e r s  the o v e r a l l  r e s i s t a n c e  of the i n t e r e l e c t r o d e  space .  F o r  H << 1, R m << 1, 
and r = 2 the ove ra l l  c u r r e n t  is 

I := [Bo( : -a ) - -Bo(a)] - - - (%--  l) . 2 a ~ - ~  4. 312(k~+n~)[5nk~cos(kra)+(k~2-+-12)sin(k~a)] 

5. If R m is smal l ,  then along with the  effects  examined  above t he re  appea r s  a ' deflect ion" of  the 
e l e c t r i c  c u r r e n t  l ines  by the flow. F o r  example ,  the solut ion for  un i fo rm flow fo r  v 0 = 0, H << 1 has the f o r m  

5 ~  l) exp [(n + l/~R,~)(a ~. x)] (y -- 2g3 -~- g ~) for x..~ -- a B = t  

B = B0 (x) + B3 (x) (y~- - -  2 p  + ~4) for I x] -<~ a 

2 Be(x) = i ~- (% --  t)(1 --  exp [Rm(a + x)]} .4- -v-{B3(--  a)exp [Rm(a+ x)] --  B3 (x)} 

25Rm (~o -- t) 
B a (x) = --  2 sh (2ta) (n~ -- ~/4R,p) { [2n ch (la + 1/2R,~a ) + R,~ sh (la + 1/~R,~a)] exp (--  lx + l/~R,~x) 

[2n ch (la -- 1/2R,~a ) -- Rr~ sh (la -- 1/~R,~a)] exp (lx + 1/~Rmx)} 

(a) + 5 ~  l) exp [(n --  I/2R,n) (a - x) ( g - - 2 g  3~-g41 for x > a  B B0 

The  e l ec t r i c  c u r r e n t  l ines c o r r e s p o n d i n g  to this  solut ion for  R m = 1 a r e  shown in F ig .  6a and the 
c u r r e n t  dens i ty  jy d i s t r ibu t ions  a r e  shown in Fig.  6b (curve  1 is at the  e l ec t rodes ,  c u r v e  2 is at the channel  
cen te r l ine ) .  

F o r  2aR m ~< O.1 the solut ion p r a c t i c a l l y  co inc ides  with tha t  fo r  R m << 1. The c u r r e n t  concen t r a t i on  
n e a r  the  exit  f r o m  the i n t e r e l e c t r o d e  space  is a s s o c i a t e d  with i n c r e a s e  of  

1 

b e c a u s e  of  the  a p p r o x i m a t e l y  exponent ia l  v a r i a t i o n  of  the  o v e r a l l  B. 

In conc lus ion  the au tho r s  w i sh  to  thank V. F. Kal i tenko for  a s s i s t a n c e  in c a r r y i n g  out the ca lcu la t ions .  
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